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Fig. 1 Comparison of square-root estimates with covariance (Kalman-
Bucy) estimates.

motion assumed for the comparison are a realistic approximation
to the equations which govern the shuttle vehicle during the post-
blackout maneuver. A complete description of the equations of
motion and the observation-state relations used in the simulation
described here is given in Ref. 8. In this investigation, the
triangular state-error co variance algorithm discussed in the
previous section was combined with a Carlson square-root
measurement update algorithm5 to obtain a complete filter
algorithm. This algorithm was implemented in the computer
simulation program described in Ref. 8. Figure 1 shows the
variation with time of the position error norm Ar = (Ax2 +
Ay2 + Az2)1/2 and the associated state-error co variance matrix
norm (Pxx + Pyy+Pzz)1/2 as determined by the conventional
Kalman-Bucy filter. In Fig. Ib, the error norm and the covariance
matrix norm obtained with the square-root filter are shown.
The covariance majtrix P for the square-root filter was obtained
using the relation P = WWT, i.e., Eq. (3). Note that the norm of
the covariance matrix position elements is essentially identical
for both methods. There are slight differences in the position
error norm estimates prior to the 3 min epoch. After this time
period, the position error estimates for both algorithms are
essentially the same. Similiar results were obtained for the
estimates of the velocity components. Finally the investigation
indicates that, using the UNIVAC 1107 at the NASA Johnson
Spacecraft Center, the square-root filter algorithm obtained by
combining the triangular covariance matrix progation algorithm
with the triangular measurement update algorithm described in
Ref. 5 requires a computation time which exceeds that required
by the standard Kalman-Bucy filter by less than 15%.
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Velocity and Shear-Stress in a
Transpired Turbulent Boundary Layer
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Introduction

IN recent years there has been considerable effort devoted
to the study of turbulent boundary-layer flows over porous

surfaces with mass transfer. There have been methods developed
for calculating such flows, but these studies have had to rely
upon extensive numerical schemes, or only yielded information
about the gross features of the boundary layer such as momentum
or displacement thickness. The present method presents a simple
means of predicting not only the gross parameters, but also
distributions of velocity and Reynolds stress through the turbulent
boundary layer.

Theory and Results
For a two-dimensional turbulent boundary-layer flow with

zero pressure gradient, the governing equations of continuity
and momentum are given by

u(du/dx) + v(du/dy) = (\/p)(di/dy) (2)
where p is the fluid density, and T is the sum of the laminar
shear stress it and the turbulent shear stress tt.

The boundary conditions to be imposed upon Eqs. (1) and
(2) are given by

w(x,0) = 0, u(x,d) = t/oo, i?(x,0) - Kv (3)
, where d and U^ are the boundary-layer thickness and freestream

velocity, respectively. Vw is the transpiration velocity at the wall.
It is assumed that a similarity solution to Eqs. (1) and (2) exists,
and has the form

u(x, y) = VJ\r\] ,

Using Eq. (4) and the momentum integral equation, streamwise
derivatives may be written as
_______ d/dx = - (Cf/29)(l + B)rj(d/dri) (5)
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Fig. 1 Comparison of theoretical and experimental profiles of shear
stress.

where Cf is the local skin friction, 0 is the momentum thickness,
and B is given by:

B = 2VJCf, Vw = VJV*
Substituting Eqs. (4) and (5) into Eqs. (1) and (2) and combining
yields

C D F (*n /*'/ ~H
(6)

where TW is the wall shear stress, and R6 and Re are the
Reynolds numbers based upon boundary-layer thickness and
momentum thickness, respectively.

Using Prandtl's mixing-length theory with the sublayer correc-
tion suggested by Van Driest1 and a further modification
presented by Cebeci2 to account for the mass transfer at the
wall, the shear stress T is given by

where
A = A + V(TW/P) ~1 / 2 exp( — 5.9B) (7b)

and v is the kinematic viscosity, k and A+ are empirical constants
equal to 0.40 and 26, respectively, for Re > 2000. For R9 < 2000,
their functional dependence upon Reynolds number is given by
Koop.3

Using Eqs. (7a) and (7b) for the shear stress with a correction
in the wake region of the boundary layer suggested by Coles,4
and substituting into Eq. (6), yields
df/drj = {-l/R6+[(l/Rd)2-4ac-]V2/2a}-

(Cf G/k)2n sin [(n/2)rj] cos [
\ l / 2

exp(-5.9£) (8)

-Cf

subject to boundary conditions given by:

= R*Cf/2; (9)

4000, G - 0.55. For R0 < 4000its functional dependence
upon R0 is given by Koop.3
_It can be seen that Eqs. (8) and (9) contain the 4 parameters
Vw, Cf, Rt, and RQ. However, R# and Re are related by

Fig, 2 Velocity profiles for zero mass transfer and moderate mass
transfer rates—low Reynolds number.

R»=R*\
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(10)

Thus, given any 2 parameters, say Vw and Re, Eqs. (8-10)
constitute a nonlinear eigenvalue problem with eigenvalues Cf
and K^and eigenvector f(rj). Using Newtons variational method
and a Runge-Kutta integration scheme, Eqs. (8-10) were solved
numerically. The calculated results for the velocity and shear-
stress distribution are presented in Figs. 1-3, along with the
experimentally measured values of Wooldridge and Muzzy,5
Klebanoff,6 and Simpson.7 The calculated eigenvalues Cf and

are presented in Table
measurements of Simpson.7

1 and are compared with the
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Fig. 3 Velocity profiles for zero mass transfer and moderate mass
transfer rates -high Reynolds number.
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Table 1 Comparison of calculated and experimental values of Cf and R6

Cf

Experi-
Experimental mental

K 0 x l O " 3 (Ref. 7) Calculated (Ref. 7) Calculated

0

-0.00118

-0.00242

-0.00465
0.00099

0.00195

0.00388

0.00780

1.971
4.318
1.238
2.94
1.015
1.738
0.191
2.071
4.887
3.318
6.583
4.518
9.429
9.732
15.935

0.00392
0.00326
0.00520
0.00440
0.00622
0.00566
0.00920
0.00336
0.00272
0.00244
0.00202
0.00148
0.00114
0.00036
0.00024

0.00397
0.00317
0.00539
0.00437
0.00671
0.00596
0.00922
0.00332
0.00255
0.00242
0.00201
0.00163
0.00147
0.00094
0.00082

1.88
3.88
1.28
3.06
1.285
2.27
0.39
1.71
4.02
2.56
5.05
3.10
6.62
5.87
10.00

1.89
3.97
1.31
2.90
1.20
1.90
0.22
1.91
4.30
2.84
5.58
3.59
7.37
6.97
11.50
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Effects of Constraint Modification on the
Random Vibration of Damped
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Introduction

MOTIVATED by a desire for enhanced computing effi-
ciency, numerous investigators have recently explored

techniques for assessing the effects of system modification on
structural vibration. Such techniques could also provide a foun-
dation upon which efficient optimization algorithms might be
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developed. Much of the reported research has dealt with pro-
cedures necessary to determine the eigenvalues and eigenvectors
of the modified system by utilizing available information con-
cerning the original system. For example, such methods which
are applicable for treating damped linear systems are discussed
in Ref. 1.

Dowell2 has described a procedure for computing the vibration
modes of a structure whose support conditions are modified.
The method uses the normal modes of the original system in a
Rayleigh-Ritz analysis with the new constraints enforced by
Lagrange multipliers. His technique has obvious potential for
treating the synthesis of large structures whose components are
defined in terms of their unconstrained modes.3 Hallquist and
Snyder4 have recently extended Dowell's work to include viscous
damping.

In the present Note, we have utilized the results of Refs. 2 and
4 to formulate a direct solution for the stationary random
response of the modified system. Specifically, the matrix of cross-
spectral density functions for the modified system is written in
terms of the cross-spectral density matrix of the original system,
the frequency response functions for the original system, and the
parameters describing the added constraints. These new results
are believed to have significant practical application, particularly
since computer programs could be used to generate directly
the transfer functions and cross-spectral density functions— these
might then be stored and used in a post-processor scheme to
determine the random vibration of the modified system.

Analysis
Consider a dynamic system with n degrees of freedom. Let

the characteristics of the linear system be defined by the
generalized mass, stiffness, and damping matrices [M], [X],
and [C]. Assume that the structure is to be constrained by g
rigid supports and h elastic supports. The displacements of the
nonrigid supports at the support-structure attachment points will
be designated {p}. The support modifications can be described
by the k constraint relations :

(D
where [/?] defines the type of modification and [q\ is the vector
of generalized coordinates for the unconstrained (or less con-
strained) structure. Note that k = g + h. A Lagrangian formula-
tion yields n equations of the form2'4

[M]{«}+[C] {«}+[«] {«}-[/qru} = {6} (2)
and h equations

The applicable constraint relations, k in number, are
[{0}]

where Qi are the generalized forces and ^Ks J defines the stiff-
nesses of the h elastic constraints. (For simplicity we have
assumed that the elastic constraints are individually grounded.)
The total set of Lagrange multipliers, {A}, consists of those which
define rigid constraint forces {A0} and those which define elastic
constraint forces {AI}. Thus,

(4)

where {p} may be written in terms of the Lagrange multipliers
{A!} by using Eq. (3).

Usually, Eq. (2) will be coupled because of the presence of
off-diagonal terms in the mass, stiffness, or damping matrices.
However, the system can be uncoupled by introducing the
transformation5

(5)

(6)
Equations (2) and (4) then become4


